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* report considars a varlecy of »modalf for cliangaa to quantitatli)^ ^ 

Varlabiei such as wealth, academic aehiavamsnt* organizational slEe, . Intenalty 
. , of ^inteygroup hostility, ate. t By quantitativa wa m^an; variables thai may take 



'%i * ^ continuum of valuee— usually tha re&l nimibars ^ut lometlmas only tha nonr- ' 

. . J/*^ V- ^ ' * ' -~ ■ ' ' ' ' - . '. ^ ■ ■ : . • •* :^ 

* negative real ntimbers. When this la so, nb real inttjeit attachai to ' ^ 
any parclcular iBvel.as was true In the qualltatiye dasa Just diacusaad, ' 
.Still, jiqclologists following bazarsf a Id'* s 'lead ( sae alio Davis [19711) haya - ^. ■ 
tended to eollapsa infdrmation on a cpntlnu,uW into a faw broad" categdrlas, 
eig*, hreak the wealth^^dls|tributi'ori at the riiadian. , In recant years, - 
un g^r^ the influence of ecotfotrifttrid iftdthodB thi-s tendency hai waned 1- 
^^Ogciolocicts are now uor^ prone ^to unc mc^vc. ^f the iafprmktlcn con- ' ' 

^ain^djln the distributions, of such^ variables 5. that^ is , to analyze the 
Jolntf distributions of q u.ah t i tiati va variables . The §o-qallad strue^^ 



tural ^^quation approach has concentratad almost eompletaly on ^uch 
affalysis (saa Duncan (1975) for "an ovarvlaw of-, the princtptes involved). ' 

_ There is nothing inherently s tat ie in the use' of structural^ 
equation methods, ■ In lacts in the fields in which they 'were' developad 
biometrics/ and maero-^eonomies thay. are rQutinely , used to ^test dynamic 
hypotheses (though' usually in discretfe time f ormurations . JJonithaless , 



sociological usage of such methods has been almost wffllly sCacicN^v^n 
,when data over time are an^lyEedj e.|., the pioneering stuHy of sta 
attainmfnC bj^ Blau and Duncan (1967 ) j inferences do not concern the 
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some variable to' 



same time 'o^ at 



bfygss of change ^ Instead Blau and Duncan ^elata 
leveis rol othera^^ /which are maasured' aither at iSk^ 
, spme ^arllfer tihe.- tn addition/^ oe 
panel , analysis use modeis ^chai ar^ . implicitly dynaiic , ^ e^ g . , thay 
Gontainp lagged, dependent varlableE^ b to answfer only static 



*queBEions, Un6i(' recent 'years , , Co ieman 01964^-^^ 
po urg* that si^rtous^ at^ntlon :be given to tha atudj 
CQntfnubus variable si The strategy he ptoposed has 
em^irlQal researeh by a few soelblo^lsfcs (Land IS70^ 
1975; -^ummon, Tauter and DoffiW 1975; S^tanspn Lp7?; 
1976^4-^annan an^ Freetnari'^197B);i These recent devalo^rhants have cotabip^d 
Coleman's inslg^SfWlth structural equation^ perspeetllvjs on analyzing ' 



was the only Sociologist 

I * . ■ ' / ■ ■ 

'. ■ r ■ .-^ 

: ■ '. . '• \ 

of changes ;in . » 
now been adopted in 
Freeman and Hannan 
Doreim and . Hummon * 



of struttural 



causal structure. . We seeK to strengtHen the marrlaga'^ 
equation inethods and CQntlnuous-^tiina dynamic analyaia 

Iv - Deterministic or Stochastic Models ?.' t 

' One' of our overriding goals is an integrated Creitment of 

' 9^^1it.attve'and qu^ Here we encounter a majpr; stumbling 

block. Our treatment of discrate outoomes was r^solutply probabi^^ 
Ytodoimiass. ent^r^ « a defining. characteristic of fOndim^tal^ 
By contrast the usual eteatment of quantitativa outcomfi^is^ 
oni^ in a -p^o^ forma sense. The' fundamerital behayioral moHels are de* 
terministlc and rand^mess enters dtilf to aecounb! for 1 
or improper mEasurenient , That is, probabirity donsiaer 
introduced i^t ii> ^he- model building stage but in estim^ion; one adds 
a disturbance te^m with some asjumad probability distribution to an 



ack of aKact fit 
ations ari 




• It mi|IR w«ta ,a ak^^imatcer tt> W dtffetence:, fornulate 

^prbtaBll£stlo madMla o4^|n^ in'quanjcitatlve^vaela But this task is 



^^^sBlcJdtfferpntial^iquations that result demand 
■•y«4y 4aieata^ «1 em er^taVy '^treatmant ■requires 

^ «onp¥®^«blr Math«^Mca:i%p Sd' we find ourselyes on the ' 

Jiprfta of a dilemma^ Our,4«^ 

quai^tltatlve.anaiyRs suftes|s that we use stochastic 

, f --^^ - . : ..^ ^ ' 

•.quatldns. But. thei^shift to such models introduces a quantum leap in 
mathematical atid; statislical^complexlty. And we cannot guarantee, that • 

^''"Pl^y wiy., pay off, in terras of deeped insight into ' 
„80Clai:prpceas. Colimap^<19M, 196 
it WiU not- he treats qualitative an4ysis prob 

.quantitative analysis determlniatlGally - 

One might. arBuo that information about the sizes of chanpos 
may compensate f9r soma lack of rsalism concetfnlng randonmess in tha 
pjocass. Morebver/, if we keep a deteministic pera^ective, we can ' — 
estimate models w/tth widely Available tools. In othey words we find 
burselvfesiin a situation In which the likely costs of retaining a 
stoehastiaperspectlve are high /and t^^ 

tlie gains are likely to be small. However^ we are nb^. convinced that 
the conventional jpst and benefit calculations have much merit. We . . ^ 

will ^rgue'the case somewhat differently. 



'Ihh overir id In^ issue 



aeneema logical ^donsistency In the handling 
^ of quantitatlya ackl qualitative outoomes/ Cpnil4HBifUcudieg of ehangea 
In soeloecQnomlc status, Soalolbgista aomettmea conte^ 

ffieasure SES as ^ ^quantltattve variable (aee, for eKarople, Blau and Dunoa* 
1967)1 Other tlmea they thinks only of ordered: statui categories (see, 
for example, Dimoan; 19^9)/ And surely the two eoncapt ions are related, 
Suppose there is some underlying status continuum as tn Figure 1. 
Then tht dtscrsta state apprqaeh involves making euls s|f various points 
on the Qontlnuum (say between . "lower'* bli^V^ollar and "upper" b 



collar). Then status categorlas may be considered interrtes *on the, status 
dimension* ^And we simply name or number thes^e categories and typically^ i 
study transitions among them (e.g,, father to son mobility) . In such 
studies, raridomness plays an essential role. Mobility amoi|Lg categories ^ 
is almost always Viewed as a stochastic, process. 

Suppose one were td make successivaly fineE* cuts as in Figura Ib^ 
producing mora and mora status catagories. Certainly, if transitions ' 
among course categories ire governed ^y a st^^pftastic frocass^ moves 
among finer catagorlea must also be stochastic. But the limit of this 
refinement procedure gives the continuous status variable. So by the 
above argument, transitions from one "level" of ^ES to anotheta must 
also b^e goS^eimed^y^? s£oeh^stic process% Nothi^ in' the '^disaggregation" 
of status categories elminates randomness. Thus 'as long as we retain 
the View ,that , t^^slt ions among discrete states in social. 'structure are 
stoehk^tiCj it is difficult, to avoid the implication that changes in 
levels in a, social structure^^re also ^tocha^tic, - 
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This "concern iow eonalateney is ifather abi tract m the conteKtf of 
current sdclologlcal practie4 and" appears ^llkel^^to sway opinions , 
There Is^aC least'^OTe citfiumstanee when It may bear directly on practice* 

seek to create a fr«neworR for building and testing, models for; . 
ayatems of. qualitative^ md quantitative outcomea, e,g, , changaa in 
marital statu!^ and changes in levile of earnings , But' how can we l^^ 
defend a model that combinas stochastic, iquationrf for chahge in discrete 



outoomes with deterministic equations for Quantitative outcomas? 
Obyiouply we cmnoti ^ " ' *: ' * 

Tp this pc^int our argument' has the flavor of ah, Exhortation to 
pursue soma d iff lcup.t "and Joyless strategy bacause it ia iomahow tha ■ 
correct way; , But there ate pos'itlva benffits to be gainld from pursuing 
this lin#. Foremost among them is possibia added \evarage in testing H 
certain type^ of a^^umants about daep prope^tlas of soqial structura. 
It is oftan rioted (see, for exampla, ^ Stinchcomba 196p) ,that Social ^ 



structure affects the variance of l^haviors and outcomes as wall as tha 

<' ' ' # ' ' ' ■ ■ i 

^ y-mean and that "soma processed may be seen mora clearly In variancas^ ^ 

/'MDit Social scientists- find the 'shape of the incpme disttibution (e,g.j^ 

^ ■ ' ^ ' C 

Mnequality) more interesting than its mean. Wa ^have argufed (H^nan and. 

FretfE^n 19^^) that^ the eyolution of size distrdbutlons of organizations 

tfel]^ much about the competitive nature of the niche ^structure that may 

' I . ' ' ' * ' V " J * • ' 

* nbli ba observaU directly. We suspact th^t it is"^ often ^t^e case that 



* thporatically Important structural properties that are'- difficult to 

icat 

'1 



observe directly have implications regarding tha distriWtion of some 
outcome . " P 
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V It la witSi regard t,o- jhese sorts of Issues Ahat a focus ofl random- 

maa pays Uf. Detewllhistle, mqdels eannot expU^n distributions/ 

(except f« th« weak sens«.|h^r flven some .assuined Initial distribution, ' 

a deterministic model can:: expUtn^ngis in the dlstribdtion) . . In the 

case of stochattlc models for changes iri%u«ntlt,ative \fariabies, the 

^ ' ' -J . . ' ' - 

fundamental eqUatiorii concern the evolution of iprqbai)lllty distributions, 

Thus they'^rovide a nattffal context in which^'o pursua the study of dls- ' 

tributional propartiei of »Qeiai structuM, ' * - , * * ^ 

For^^thasMeasons we choola to venture int,o the hazaraous terrain 

Qt itoehmstl^ model g for e^angaa In quantitative variables. But va 

will keep bur discussion ^t a very alemantarx level. >nd,wt^a begin 

with detamlniatic modeU^o that wa may fiK t^a*geWral strategV in a 

aimpiar and more traditional framework. ' & 



2. Linear Mo Als for Rataa of Change - / J- 

^ Sociologtsta usually model the effects of ^variablas on the lave Is 
of other variables, Coleman^ (1968) proposed that .we foUow the lead of 
physical and biological aciances and model affects on- rates 
Sbange, In thla perspective ^he behavioralybr fundanantal relations 
are differential equatton|. ^thts section we.,expl©re possible sociolo^ica 
Interpretations of differential equation models for: qbantiativa variables, 
^4 Since we wish to emphasize the ralationa bitweerr dynamiQ and sCatlc 
modelsj we direct attention f irit^TO^dynaniic models that imply the 
usuaL strj|C&^ral equation 'inode Is )as st^dy-f tate outcomes* We start with 
single eqtia?ton models.' In empirical work, the typtca'l structural model 
has the fpOT (ekcludlng the di|turbance term for the moment): ' , 



The "parent", dynamic miel is ^ • . ' 

whleh we can see by setting (2) equal to aero, ' the condttlon ^that ^ \ 

■ , . . * ■ 'I- ' ■ ,» 

hdldi In equiribrfum. This gives i 

' . ' ' ■ ■ K - *l " ^1^'^ = f2 ^2<'> 4^ = £j - (3) 

; ' • ■ ' ^ ■ ' r 

^Comparing ( 3) , with ( 1 ) ^ wo- see that the ^parameters of the static wMel 

may be thought of aa. eotoposltes of the* paramatars of an underlying dynamic 

model in much the manner that Reduced-form parameters of a system of 

^ ' - ' ^ ' ^ ^. : ' . •; \^ ; ^ ^ J . . - ^ ^ 

structural equations are comprpiites of stsKictural parameters , 
As we work eKtens^lvely with models of the form of (2), it is 



Important to Explore the model in some depth* It holds that tha rate 

^ne 



of change in somp outcomes depends linearly on its own level-^ at the 's^€ 
moment and J^e levels ,of a set of exogenous 'variables al6o aC the same 

\ _ ^1 ■ 

momant.^ We coald introduce some explicit lags in these affects, Howevers 
as the casulting differential-difference equations are mora cumbersome, 
we will not fto *as to 'keep %he ekposltfion ^imple^ Although we will pay 
particular attention to llnear^jftodels sucti asC2)\ becau'ie of thrfir 

tractablli^ty , ^e will also co^^ider below in Sections somr important 

'v. ^ » , ' . ^ 

non^ linear modais, m ' 

How 0oes ona motivate^ such a, model for^itHe study of social process? 
Wa consider two d if ferent approaches ^ negative feedbdck and partial 

adjustment, Coleman (1968) motivates linear negative feedback models as 
follows, ,It Is comnpnLy foyfeid In repeated measurements of the same un^t 
that those who ware far abqvfe'(or below) the mean onf the first measurement 
tend to 'be' closer to the mean on the second. Such a result called 
regression towards the mean, may^ be an Wtifact of random measurement 
errors (see Lord and Novtck, 1966). ■ ^ ^ 



. But tj^ phenomenon also occurs In situations where measurement accuracy 
Is jrery highl Is there any more fundamental principle Involved?. Consider 
equatloS^-^K If b is positive,' any system that begins above the equilibrium 
level will grow indefinltery; any that begins below equilibrium will decay 
to'iero. Wat ISj systems In Vhich the feedback Is positive arfe unstable 
And while many social processes may be unstable, surely some are atable. 
Stability requires chat t^ feedback be negative And negative feedback 
produces regression towards some criterlon—perhapa reflected in the . 
mean. ^ ^ ) ^ ^ 

Does negative feedback have any unambiguous sociological Interpreta- 

tlon?, Coleman ^ffers two related Interpretations. Fir^t, we may 

A ■ ■ . ' . 

interpret negative feedback asr characteristic of equillbraclng systema. 
In particular we may consilder it a Refining attribute of ''functionary 
systems In which elements of social structure are retained through ' 
their beneficial conaequences , Stiqjheon^e (1968) pursues this line of ^ 
reasoning In depth. "Second, we may treat the^ eKlstence of negative 
feedback^las evidence that we have oipltted cycles of causation from the ' * 
mode^^ ^hat is, ne^tive feedback might be considered the Gonsequence 
of effecti of Y on say W irtiich'in turq affects Y. Coleman (1968- 440'1) ' 
argues r ^ • . • 

...the variable apts aa a surrogate for all the variablea 
involved , In cycles leading back to Itself ... this approach^ 
* ^ does not aid much in the dev^J^ftP^^nt o&^hioryj because It 
^ obstures the relationahipa of which the system ta composed,.,. ^ 
Aa the formal ayatem becomes n^re complete , thla f^ie'gattve . i 



feedback] coefficient should approach zero. Thus the size of 
the coefficient allows a way of evaluating "^the completenesi 



il 



of my isapresentatlpn'of thl^mplrleal system by a syst^ 

of different lal equations. - 
So w|^may take negaclve feedback as eithto a r^asureHDf ignorance or a 
syatemie property ©£ an equilibrating )systjlm. . j 

Other researchers offer direct substantive inte^^tatlons of 
negative feedback effects. For e^tfample, Srfrensen (1977) and Hall inan 
and S^re^sen (1977) focus on the equtllbrlpm relationship, (10.3)",. and 
adopt tiie fotlowing input-output imagery. If the X^g are the input that 
persons btri|g to, *say, the, status Attainment process or the learning 
proceas and the c's are fixed, varlatlonaj in b wlir affecfr the- outRuts . 
assocta^e^^ with any given level ofinputa. So for example, if c 
Is the effept of- abllityon the rate of learning in schobl.^the payoff 
.to ability var'ies as an inverse functlon'of/b> lf„ moreover, b varies 
among schools , these variations may be in^rpreted as structeral' 



effects on the opportunities ' for le^lng --^hose with b close to 
provide the raosf-. favorable opportunity structure for learning. 
.&! this view,. b. Is interpreted as an. index of opportunity; a property' 
of the structure. ■ ' 

One might still argues with Coleman , that opportunity connotes 
a set . of unanlyzed micro- procpsses within) structures , Our point is 
not to contend this"* issue but merely to show thaty depending on bne's 
substanttve focus,, the ra^gative f eedback' , effect may be tnterpreted 
positively as an Interesting properlj^ of socifi structure. The latter^ 

* - . 

view It^ ^ds one to study variations frort structure to structure, ? ^ 
So J for'exmplej. Freeman' and Hannan ,(1975) used such an argument to 
motivate the comparison of negative feedback effects In growth rates 



for tiumbers of admtr^Jstrators In grbwing and declintng organizations, 

^ There Is a second broad approach to mDtivatlng linear 'differential 
eqqation ^dels of aocfal process: parrt.al adjustment mQde^ls| . Suppose ^ 
that the outcoma of interest adjusts each ppriod to the gap between 
its current level and soiSe criterion. Denote the criterion by- Y (t)^ 
Then full adjustment occurs when: ^ ^ ^ 

Y(t+at) ' Y(t)^- [Y*(t)'- Y(t)] At . : ' 

6r, leMing At -^0 : 

' dY(t) * ' ' 

- Y (t) ^ Y(t) . ^ 

> - 

Social systems rarely adjust fully in any short period. So wa ganeralize 
the adjustment model by introducing a parameter that indicates the 
fraction of Sie gap that is closed In each period. This gives tha 
simplest partial adjustment model" 

- k[Y (t) - Y(t)] • _ 0 <k £ 1 (4) 
So far the model has two parameters , the adjustment parameter and 

the criterion J but no causal effects. However, the criterion general ty^^ 
depends on environmental conditions ^ that is on leveLs of exogenous 
variables, ^at is, in general: 

Y*(t) - f(X^(t), , . . , ^j(t>^t) ' j 

To obtain' a specification that gets us back to (2), alsum.e that this 
dependence is linear and time-homogenous. 

Y^Cc^ - a* + c^ X^(t) + . , . c^ X^(t) (5) 



Then by substituting (jS) into (.4), we obtain^ 

- k[a*+ c*X^(t) + . . . + c^j(t) - Y(t)]^ 

where * * 



11 

J 

(6) 



f 



a ^ -ka 


5 






b ^ 










J 






■ c 

Thus the negative 


f eedbac 


;k model 


may also be viewed as a' 



(7) 



ment mdd'el whare the criterion is a linear function of exogenous variibles. 

In this framework , the parameter' associated with the dependent variable^ 
earlier called the negative feedback coefficient, has an important sub- 
stantive meaning. It conveys the speed of adiustmant of the system to \ 
exogenous changes. When k is close to zero (but posittvc) the system ad- 
Justs v&ry slowly; it moves only a small fraction of the' distance to the 
crlter^lon In^^t* Larger k's imply faster adjustment in the time 
scale chosen *for the .analysis (yeirs, daySi, etc.) We argued In 
Chapter 3 that speed of adjustment depends on properties of structure ^ 
e,g*j complexity of Internal structure and density of connections with other st'jnic 
tures, etc And one can often gain substantive insight by separating 
the effects of Internal structure from effects of environmental properties 
on spewed of adjustment. Such separation can be achieved by designing 



i 1 



12 

research" that pamits only ona dlmansion (internal or extemal)\to vary 
''^d_estimating partial adjustment models for various conditions. For 
example, Ni els en^'^n^-^^Hfennan ( 1977) argued that educational organizations 
would adjust po changes in populatTort-'-acji in Levels of eco^mic production 
more rapidly in wealthy nations than in poor natrd'n&*^,_ A comparison of 
estimates of k for rich and poor nations confirmed this hypothai'B^r^^^, We 
also exploited differences in cpmplexity among levels of educational 
systetns, prdmary, secondary, and university systems , to test for effects 
of structural complexity on speed of adjustment. Within e'ither generalized 
environment (rich or poor), 'the more complex systems adjusted more slowly 
to exogenous changes that affect the long run levels of enrollments, as 
we hypothesized. This research, like that of Hallinan .and S^rensen (1977) 
discussed above, gives direct substantive interpretation to the effects 
of levels of a variable on rates of change in the^same variable, 

Nielsen (1977) and Rosenfeld and Nielsen (1978) stress an implication 
of the partial a'djuatmenc incerpretation of negative feedback. Consider 
the casg In which the exogenous variables are constant over the history 
of the process, and individuals. enter a system at the bottom at some 
Initial time (t - 0) and then rise in the system in a mannfer that depends 
on their initial attributes, the X-s. For example, we might consider 
the levels of earnings or status achieved by individuals in some social 
system in which individuals enter^-at different levels. Among other 
things we would be interested in how the parameters of the dynamic model 
determine the endurance of initial conditions, e*g., point of initial 
entry. To do this, solve (5) over the period (0,t) to obtain: 



-kt * * . * ' .Iff 

» e '^^ Y(0) - [a + c.X, + . . , + X 1 (a '"=-1) ' ' 

but the quantity in bracfeets Is Just the equilibrium level of Y(t), 

Y . So we can write (8) as ^ , ' . 

Y(t) - a^^^ Y(0) ^ (e^^^l) Y^ ' _ \ (9) 

-kt '" -kt" r 

= e . Y(0) + (1 - e ) 

So the level of Y at any time Is a weighted average of the starting level 
and the steady state. The weight given to history ^ that is to Y(O), goes to ' 
t^t^Q BS t ^ But notice that the weight also depends on k, the speed of ^ 
adjustment parfineter. For k close to unity, the effects of history * 
recede quickly. For k close to ^ero^ the* effects of history hold over nbch 
longer periods. ' . 

Consider what this implies for mobility through status structures. 
If two individuals with identical fixed characteristics enter the 
opportunil:y structure at different levels due to discrimination^ luck, 
etc, this initial difference will persist longer In systems that have 
high "opportunity'^ In Sdrensen and Hallinan*s usage* 

Of course most work with partial adjustment models gives priority 
to the causal effects of exogenous variables* And in the partLal 
adjustment model consideration of such effects requires that wa clarify 
the interpretation of what we have called the criterion, Y (t). This ' 
is sometimes equated with the equilibrium of the system (see Land 1970; 
Huftmon, Teuter, and Dorien 1975). From (4) it is clear that this ^ 
interpretation fits the model. That is, setting (4) equal to zero 



to 



gives Y(t) ^ Y (t) as the equlllbrdum relationship. NQnethaless* we Judge 

that this interpretation is not helpful more' ganerally 1 As we see bfelQw, 

i ' ^ ^ 

both for many systems jnode^li and also for many nonlinear singla equation 

models, no equiltbrlura exists, or It is at Jeast problematic whether or ndt 

a system will reach equtllbrlumi In such cases, it is not useful to con- 

ceptualize causal effects in terms of equilibria. The treatment of the 

single equation case should be consistent with that of systems; therefore, 

we argue that Y (t) in (4) should not be defined as the equillbr j.uin 

i 

level of Y. i 

The alternative is tq define Y (t) as a property of the structure 
more properly of the interaction 'o€,, the structure with a particular en- 
vironment . Then the c^^ are to be^ thought of as a set of ^paramete^^ of 
the procesSi.ndt an outcome of the process, 

For concreteness, consider the modern f ormallEation of the concept 
of the niche of a specier in some environment. If the reproductive success 
of some population is constrained by, say, N environmental factors (e.g., 
climate, food supply / density of various predators and competitors, etc.), 
then the sat of points in this N-d imensional space within which reproductiv 
success exceeds some minimum value is called the niche (Hutchinson 1957). 
We usually wish some compact representation of the niche and thus formulate 
functional representations of the dependence of reproductive success 

and thus population growth — pn the levels of environmental factors. 
Then the -parameters that relate levels of environmental variables to 
fitness or reproductive success are called t^e parameters of the niche . 
In the model we outlined, the c^ serve the same role as niche parameters. 



^1 
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And, th^ V/t) obtained given some realised levels thW set oJ X 
'would be cdllmd the carrying capacity of the enylronment for the par- 
It is important to see that the niche pa^meters and 



ticular saeci 



the carrying capacity are substaijtively interp'retable eVen in con- 
ditions under whifth the population will not reach the- carryini Gapacity 

and the system will not hit the equilibrium; / ' - ^ 

^- - I V ' ' ' 

Of aourse, there are other ways to interpret Y (t) witthout rBlying 

to introduce 

the notion of the goal . of a systim. If we are considering a formal 
it 



o;n an equili^riuin interprepation, i One generic app^*oach is 



organisation , Y (t) may be the objective to which the or 
is conunitted. Alternatively , we wish to adopt rational 



maximization mod el^,;-^^^ might defli^Y*(t) as ^the utility maKimizi^ni 
level of Y given preferences .and ' objective constraints (ptfi^es, fete,) 
In either caie^^ we/ assume that purpos^eful actors or^ organizations run 
by purposeful ruling coalt^ions will seek to adjust outcomes to close 
the gap'between th4 objective, Y*, and reality, Y\ Again/ we stress that 
It is meaningful to use this conceptualisation even when the ^6bjective 
is unreachable and no equilibrium ?Kists, 

^ ■ ^ ' ' ' . / ■ 

10' 3 TLme Paths of /iChanReB: Integral EquaCions ' /' 

In a continuous-time, formulationj r^tes of change are not observable. 
Thus the differential equations do not have. direct empirical implications. 
To work towards empirtcal implieations we must solve the differential 
equations subject to some boundary -cond it ions' to obtairi the more' 
complicated integrail equations. Hie latter d^scrlba tbe time paths 



ganization 
utility 



of changes in observable quantities implied b\f the model. So an intermediate 
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ilways \^o1 



step in emptrieal work always ife^ obtaining such iniegral aquattons, 

The ^Li^tion t'O.the lirfgar^ differential equation in (2) when the 
, exoganous variable^^ are^cp^st^nt over the entire period of analysis has 
already been ^Isplayad *ih^| §) . Here' we consider the general "case, ' 

ti^ 



Let us write 



model more generally as 



a + bY(t) + fb);! 



(10) 



and whr^f(t) is ao^e ' function of time and the initial condition and 

Y(tQ) - ■■ ; ■ ■ ; . 

The solution o€ (10) obtained.' by ititegratlng from t^ to t is 



Y( 



s )ds 



Depending on Che functional form chosen for fCt), this equation may be simplitied 
further. For example , in the case in which tfre causal factor is constant 
over the period of interest, f (t) ,^ X for alHti then ' 



. a . bdt „ ^ , bAt 
Y(t) ^ =1) + e 



, c . bdt . . ^ 



(12) 



where we let At denote t-t^ as noted earlier.^ Notice that Y(t) is a * 
linear function of lagged Y and of but that the coefficients are a 
complicated functions of the dynamic parameters and of elapsed time). This 
suggests that we treat (12) as an .estimation equatlonj that is estimate: 

/%' ^ Y(t) = 9q + e^Yjy + P^X '^(13) 

' and use estiinate of the P' s to recover estimates of the dynamic para- 
meters (see Coleman' 1968)* * 

.This is a good opportunity to demonstrate the advantages of continuous^- 
time models for processes in which there is no inherunt lag structure? 
Only in a concinueus^time framework c§n one meaningfully .compare estimates^ 
from" studies that employ different time lags—due usually^- to differences in 
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availabtllty of* data. For example, supp'osW one rese^cher atialyzea data 
QTUearnings at pginti spaced .one 'year apart and ^othar refearchar uses 
*a data set in which the observatfipns are spaced thtee, years apart . if 
there Is^o natural ^preferenae for any particular time lag in an 

1_ . ^ . ' , ' ^ ^ ^ '. 

analysis* of growth in e^imings^w^ would w-ant^ to convert the two analyses 

. Intq th^samej metric . Such A convtrsioa wy^uld be* necessary if we wished to 

... - -.. ■ ^' ' ' ' 

analysis of the factors affecting changed in earnings we would want 

V... » * - ^ ' 

to convert analyses with three jyear lags ' into the same metric as ' 
analyses with one year lags. Thls-would be iiecesfiary if ^we wished to 
contrast the process in the tw^^popiila'tions studiBc. Suth comparisons 
are possible for the model we arfe considering afs well as for the ^ 
remainder gt the continuous -time models we cortsider. Note 
in eomparing (12) and (13) that Ing^^ b^t. So if the same process ' 
holds in both systems s*tudied5 the natural logarithm of the ,autoregression 
term for a three "Vear lag will be three times that for a one year' lag. 
If this ratio does nob hold (within some sampling limits presumably), 

\ 

we would conclude that the parameters of the process differ across 
systems. ' ^ ^ = 

Altemat ive ly 5 we can exploit the reratlons _>etween ( 12) and (13) 
to use data with different lag structures , to estimate -^a^glngle dynamic 
model . We treat this important problen in Part III. 

An important complication in estimating integral equat.ions is 
that the causa^ factors -iof interest are rarely 'Con&tant over the study 
period. However ^ as long as we can represent the time-varying behavior 
of these . factors by some reasohably imple funccion of time, we can move 

_ • } : . 

from (11) to some fom suitable ^qr empirical analysis. Colelnan (1968) 

• , - ' ' • V ^ " 

su|gests that it is often reasonable to approximate the behavior of the 
causal variables as changing linearly from X(Cq), t® X(t), That is 



or,' ; . X<t) = X„ + l^tf=t„) 



Therv^the solution of the^ basic model is' s4t|frtly more Complicated ^ 



resaion 



■ ' ■ 'V ^ / 

*where M(t) ^ X(t) ^'Xk. ^ ' 

Note %gain. that this model has a general form suitable for, regri 

analysis: ^ . ^ ^ ^ . 

Y(t) - 0Qyf+ YCt^) + ^^^0^ ^ R3^(t) , ; <15) 



. C* ^lnaar Systems ^ 



'^Theoretical and entpirical work often concerns systfems of coupled ' 
processes. Consider a two equation modal with negative feedback: ^ 

dY' Lt') 

I dt » ' ^ . ^. - / 



Thi only change from the model considered ear lier . isifthe presence of 

what might be called crossief f ect ^ or coupling parameters , b^^ and b^^* In 

this model the level of Y.(t) affecta ^^1^^^ . both directly (through ■ 

d t ' ' 

negative feedback) and indirectly by- affe'cting ^^2^ " ^ and thus Y^it) ^ 

.which^in turn affects ^i^" . Consequently, the iglye of stability is 

dt ' ' ^ 

more complex in such'^ mode Is ♦ It is not enough chat feedback be negative 
as it was in the ^^ngle equation case* The system in (16) and (17) 
has a stable equilibrium if and only if the sum' of both ad- 
jusCment parameters is negative and the cycle of feedback 
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is larger than th. cy^le of" crosa-.f f sets . ^ ^1^22 > ^2^21 Slalock 
^ for an IritroductTpry treatr,;!^? of' stabtUty conditions). If this 
conditio holds Changes, dampen over time. Othetwl^e changes are , 
amplified-, and the system evolves, towards zero or in/tnlty. , 
■ Ih'n cwe-eqoation coupled^ partial ■adjustment model Is : . , 
f . dY..(t) k [,Yj(t) - Y^<t)] ^ . 



(18) 



' fVH = U„[Y*(t) - Y^Ct)! . ^ 



(19) 



2^ 2 
. dt V 



(20) 
(21) 



1 (22) 
(23) ' 



Y*Ct) = f2(Y^('t),X.t) 
. if the 'dependence of the crltarion on observable variables is llpr and 
time-homo'genous as wfe assumed above, . i.e., , . \ / 

'S^^^ = + b*Y"ct) + c*X(c) ■ P 

' Yj(t) = +b2Y^(t)% 4x(t)^' . ' ;■ / ^ 

; Chen by subatltutins (22) and (23) into the partial adjustment model 
in '(la) and (19) ve obtain eiiuac ions with the same form as the coupled 
feedback system in (16 and 17). ' 

■ Again the only -d if f erence from the single aquation case discussed' 
f:earlier is the effect of levels of endogenous or dependent variables on the 

• ^=«ar,^or,r variable Such effects have straightforward 
criterion of . every other dependent variaDAe. ouu _ 

interpretation in a variety of conceptual schemes, .Two of the most f^ous 
- applications of nuch models in the social Hcicnces are Simon'c (1957; Ch. 3) 
formalization of Homans' (1950)' account o^ small group process and 
Richardson's (I960) model of arms races. These models have been much 
discussed in the sociological literature -- see Blalock (1^70), for example, 

2v f 



These sys^tems'^modalsValso fl.t the types of interpretations we have^ 
. 'Sdnsidered above^,- Suppose, as mentioned earlier, that the criteria are 
aet by ^rational^uiility maximisation. Then this*^model holds that ^ the 
igtional l-evel of , investment in some quantity Y,^ say, depends on, the 

current*l^el of inve^tifet in Y^*' 'For ekample, . consider the allocacion 

' ■ r ^ ' ^ ^ / ^ - ^ 

of time between work in the market and othe^r activttie|^. ' Let Y^(t) and , , 

YjCt) bfe^the,,hours pfr week of work of female and nikle) heads ;of the family. 

Then the model holds that under soife form of utility maximizing, the 

optirnal labor supply of^ach spouse depends in part on the current labor 

supply of the other,. ^ ' ' 

Or, suppose Y^^ and Y^ 'prefer to two goals of some organization 
(e,g., quality of medical care and quality of scientific production in 
a university hospital). Then the model holds that the target on each 
dimension shifts^ according to, current outcobies on the other dimension. ^. 
Thus even this simple linear model may induce a ra'kher complicated 
dynamic interdependence ajnong gg^ls and outcomes. " Though we suspect ' 
that real organiEations use even more complex decision-structures, th4s 
^is a potentially useful starting point ^for analysis of the behauior of 
goal seeking structures with multiple goals. This strategy ^has the parti- 
cular advantage of leaving goals unmeasured and thus avoids serious 
methodological difficulties that beset comparative studies of measured 
deviations frote goals (see Hannan and Freeman 1977b). 

The situation is more interesting when the model is applied to inter- 
acting systems or subsystems. For example, let the Y*s denote levels of 
success .(e . g. J '"^size of organizations, profits, etc,)' of several potentially 
interacting systems or subsystems such as firms in a market, occupational 
classes in an organization, etc. Then the'b^'s i^ecord the intensity and 



direction of the consequences of the interactions. The pattern- o^ these 
coefficients is most, import anC , When and are both negative', then 

sy^ema are said ,%o don^pete ; this Is the case of pure aompetition. Vhen^ 
both^re negativ.e^ we ^refer to the pattern of ^interaction as fiTOrtualism . 
When »n^ is:| posit ive- and the other negative, we have the * sort rw^^ relation- 



7 

ship that characterizes predator^prey and host-parasi-te interactions, ■ I 

This latter case typically gives'rise t6 cycles of success. Wilson and 
\ . - ' 

Bossert (1971^ 129-36) provide a Jiucid elementary treatment of the^'J^ktnics 
of such interactions* Hannan and Freeman (1978) analyze the interactions 
of growth in the sizes of personnel components in organizations. Interpreted 
from the perspective of competition theory* 

■ ■ . "'^^ 

5, L Intagral Equations for Linear Sy_gtems 

As before we. mus t , Integrate over some period (that corresponds to ob^ 
s^rvat ion ' t lines ) tp^ obtain an equation with all observable variables* For 
the system (or multiple equation) case we must employ matrix notation. 

Let y(t) be the vac tor [ (Y. (t ) , . . , Y (t)]*and A be the N by N 

\ i IN 

matrix whose ijth entry is the effect of Y,(t) on dY^(t)/dt, Then a 

general model parallel to that used for the single equation case is 

^ A y(t) + f(t) * (24) 

dt ^ 
As before we solve the initial value problem with y(tQ) ^ y The^ 

^ - _ _ 
solution (see Braun 1975: 484) is 

yit) ^^^^^0^ + /' /^«=t0>f(s)ds "', • (25) 

H 

*This has the same general form as (11) but now we have to evaluate thti 

A^t _ . / - 

ant lug of a matrix : e . The quantity is defined as 




= I + A,it + A-^CAt)^ + . . . ' (26) 

2 ' • 
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However I only in eKcepCional cases can be eKpressed in closed form/ 

There is nonetheWsr a Yeaatble strategy for estimating a system ^ ' 
«• ' ' » 

of linear equations in observables and using estimates of parameters 
to recover estimates of dynamic parameters/ For aimpliclty we consider the 
case in which there is. only one flKed exogenous variable, i.e., f(t) ^ X. 
Then/the relevant equations in observables are ^ 

or in matrlK form: . ^ ^ = ' 

y(t) - Py(0) + yx (27) 
Now the real problem is to take estimates of P and y and estimate A 
(estimation of causal effects is straightforward once we get A). We will only 
sketcyRiiie general strategy here. Readers who have not encountered these 
mpterials previously are advised to consult a text on differential 
'equations. We find Braun (1975: Chapter 3) particularly lucid. 
Bellman (1970: Chapters 10-11) presents in compact form tjhe necessary 
results for the simple case we consider as well as for less well behaved 
cases. 

Suppose that the endogenous portion of the system 
' dv(t) ^ %<t) ; ^ ^ , 



. ' ^ ' (28) 

at 



where ytt^) ^ y.^, 

has distinct roots (N Independent solutions). Denote the * character is tic 
roots or eigenvalues of A by , . . » ^ Now make a change of 

variable, Z(t) ^ Ly(t) where L is a constant nonsingular matrix. Then ^ 
the equation for E(t) is ^ \ % 
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AL Z(t) ; 



(29), 



> .Our obj.ective is to chose L such tha£ th%<*system of equations will, break ^ 
iTito *N independant equations of the type that we 4cnow hpw to handle* That - 



is we nead to find L such that 



1 



because then (29) decomposes into N independent equations of the form': 



dZ,(t) 
dt 



1 - 1. 



, N 



Each of these equations has solution: Z,(t) - e^i^' ^O^Zg 



But we know that y^. 



since the roots of ^AL are the same as those 



of A. It then follows that t h e^ columns of L must be the 
characteristic vectors or eigenvectors of A. It is then easy to show that 



At 



^ L 



It 



e ^ 



\ t 
e N 



-1 



(30) 
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So t\\B Strategy is elear, Gomparlng (27) with (25) we see that 

A(t-t ) ' ^ ' 

- e 0 , So we estimate B and solve for the eigenvalues of B,. If 

they are all distinct^ the strategy Juit outlined goes thrDUgh, We can 

calculate the elements on the main diagonal of e^^-"^0^ as e^J ^^"*0^ 

where.^j is the jth root of B- Then by fii^dlng the eigenvectors of B 

we can use (30) to solve for the off-diagonal elements. 

If the roots are riot Sistinct^we mu^ use a more complex procedure, * 

^praun (1^75: 466-7) outlines the procedure by which we can usually form N 

vindependent solutions to (28) from J distinct eigenvalues. Thus 

the general strategy may^still be applied. 

; _^ ^ ; . : ^ ^ ■ ^ - ■ ^ \ 

Finally there is the case of complex roots # For each compleK 



Is realj 



root W0 obtain two solutions Co (28). However/ as long as A 
these complex roots must appear In conjugate pairs. In this case we 
cm always construct another fundamental set of solutions to (28) , all 
of which are real-valued. The method is outlined In fioj^ce and Di Prima 
(.1969: 7.8), ThuSs again the general strategy may also* be applied to 
this case, after some manipulation. Reader^ .wishing to handle the more 
complex possibilities mentioned in previous paragraphs should consult the 
references cited* . . 



CQmparisons With Soma Widely tJsed Alterna tive Itodals 

In this section we eontrast the linear models just diicuised, par- 

ttculafly the partial •adjustmtnt raodtfl, with somf models that are widely , ^ 

used in the social and biological sciences* Such eomparisons afford k 

■ 3 " ■ - 

deeper understanding of the utility of linear models as well as the- 

need to consider nonlinear generalizations* 

f - 

We begin with the simplest model for the diffusion of some fctem 

' ■ ' _ . ' . " ' ^ • %j * 

(in forma tl0lff a disease bearing organifsmj a cultural trait j etcj^ 

I' ' . . ■ , ... . . ^ 

through a fixed population. Suppose that the item diffuses from a fixed 
source and that individual carriers cannot transmit it* Then the usual 
model for the rate of diffusion Is (C&leman 1964) i , ^ , 

- v[n'- x(t)i . ' cm 

where X(t) is the^ number of eairiers at time t and N is the (fixed) size - 
of the population at risk of ^quiring the Item, tfhe model holds that in 
, eayh period of fixed length the same fraction v of those still at risk 
will acquire the Item, 

This model of diffusion from a source In a fixed pbpuJLation bears . ' 
a striking similarity to the partial adjustment model. However^ the^ 
latter is more general in two Ijnportant respects. First, In the diffusion model 

f 

the celling N Is a fixed parameter* In -the /'partial adjustment models 
the criterion. or target may be treated as a variable affected by 
environmental paraineters and Is subject to its own dynamics. Only when ^ . 
the envlrojbmental parameters are fixed is the criterion also a fixed para- 
meter in tthe partial 'adjustment model* TWa second d If ference concerns applica- 
bility to decline processes. In the diffusion model, negative growth 
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■V. ■' ' ' ' . -' ^ 

is not. defined| by definition the number acquiring, the item cannot 

exceed the po^ulatibn size. In the partial adjustment model decllna 
■ e ■ / ^ ■ ■ . 'J. ^ . :^ . , ■ • 

, is well defined. Environmental variations may dtive down the i^ritarion 

in any period. Then the partial adjuatmtnt model implies adjustment V 

, down towards tha new lower ertterlons 

While the model of dlffuaion from a constant source GomGtimos fits 

well (Coleman, Katz and Menzel 1966), time paths of diffusion often 

' eKhibit an S^shape,' That is, the initial rate of diffusion Is small, - 

t h e n^ speeds up at some point, and f in a 11 y approaches some ceilitig 

asymptotically. A simple process that generates such dynamics can be 

formed by combining diffusion f^om a constant source with transmisston 

between individuals (see, for example, Bartholomew 1973: 298-307), To 

Include transmission between Individuals in the model under discussion, 

define w as the intensity of transmission between individuals or the ^. 

strength of the inter- individual transmission process . At any time t 

there are N^X(t ) individuals who haye not yat acquire the item and X(t) 

who h^ve. Of the N(N-l)/2 pairs of individuals that might be formed^ X(t)[N"X(t)] 

consists of one baarer and one non-baarer. If the pairs form at random- in the 

populatton^, the effect of transmission between individuals on the rate 

of transmission will be equal to wX(t)[N-X(t)] . Thus a model that 

combines the two procasses has the form: 



^ff^ " + wXCt)][N - X(t)] v4 ... 
And this is simply a form, of the well-known logistic model '. 



(32) 
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In line' with our previous discussion it is natural to genarali|e 

t^is modal to the ease in which the criterion depends on exogenous 

- ^ '' ■ = 

variablest This gives a logistic model with. ^ 

' \ ^^^^^^jj^^^^^ Z^^^jj (33) 

at , 

The most Important thing to notice about this model is the manner in 
which it generalizes the adjustment process. In the linear partial ad- 
Justment models the speed of adjustment is constant* In the logistic 
modalj it is state-dependent . That is, tha speed of adjustment, v + w(t) 
rises from approximately v when X<t) is very small to v + wX (t), 
as long as w is «positive, . ' t 

It is instructive to build a logistic model from an alternative 
perspectiva, A somewhat simpler form of the logistic model is the 
standard elementary model for the growth of a closed population in a 
finite environments The model Is motivated as follows (for a fuller ^ 
discussion, see Lotka 1925; Wilson and Bossert 1971: 16-19/ 93-104), 

Let r denote the so-called intrinsic dr natutal rate of increase of a 
population. By definition r equals the di-fference between the birth 
and dcatti. rates when there are no 'envtronmcntal constraints (i*c r rcflcctr 
physiological constralnta). Wa write this as r ^ b^ - d^. In a period qf 
length 4t, the increase (or decrease) in population size is then. given by 

. / K(t + dt) - X(t) ^ rX(t). 
or letting ^t 0 , 

• (34) 

That is s the per captta growth rate is constant; 



■This Is Just the usual coropound Interest model t hat generate8''eKponentlal 

population growth. To see ''this Integrate (34) 'w.tth the Initial con- - 

dition X(0) * X„ to obtain • ' 

' u ^ ■ . ' ■ • ^ 

. X(t) - e",XQ C351 

Thus, the population either grows exponentially when r'^ls pocltlvc or 

declines to iafo when r is negative. 

But when the environment contains finite resouree#, or the carrying 

capacity is finite, the population cannot expand exponentially for any ex- 

tended period* New members of the population imist competa with existing 

members for scarce resources and the rate of reproduction falls below the * 

physiological maKimum, For a number of reasons both birth rates and death 

rates ordinarily depend on the density of the population, ttore precisely^ evolu- 

t ion tends to favor species with density-dependent vital rates. The rate of 

natural increase r introduced earlier is the difference between the physiological 

maximum birth rate and death rate d^. Let us' introduce the simplest form of 

density dependence. Let the birth rate be b^» k K(t) and the death rate be 



0- '^b^' 



d^ + k X(t), That is, the addition of each i^ember of the population decreases 
the birth rate by and increases -the death rate by^k^,, The growth model becomes^ 

As beforsj we let b^ - d^ ^ The steady-state pop^jkation under | 
this mode 1 is 

usually called the carrying capacity. Letting K denota the carrying capacity^ 
the model may be written In its more common form;,*' 

mn.^ txct) [ ^ 1 ' ' (36) 
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Alternatively, if one does not wish to de .^ne model par^eters In 



termi of the steady^state, one may simply poatitlate th^nwdf 1 in (36), * 
The term in btaekets varies between lero and otie. It is zero when the 
population size hlta the carrying capacity and population growth stops. 

If the carrying capac?% falls below tht popuiatlon size, the term in 
braakets is negative and the** growth rate is consequently negative. 
When the popH^tton is very smallj the te^m in brac^rts is close to one 
and population growth is approxitaately exponential. 

Note that the model for logia^c :popula|iqn growth may ,be re- 
written in the same form as the mod^l,^f6r 4lMwsio*^ with Inter- individual 
transmission with w ^ r/K (andj of course, v ^ 0), Clearly both models 
contain an element missing from the linear partial adjustment models . 
namelyj ; interactions" among units in the population* Below we consider -i 
this difference more thoroughly* ' 

Logistic models may be analyzed by the mcthodolor.y we propose, " As 
usual we must form an integral equationj solving (36) subject to the 
initial condition X(0) * X^, This gives: 



X(t) m 



rX. 



rX^+ <r - r^)^e^^^^^-ol 



(37) 
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And^(37) may be estimated by maximum likelihoodj as we show in Chapter llJ, 

The iDgistlc growth^odel differs from the linear partial adjustment 
model in that it contains the multiplier: 

K 

Clearly as the populntion size approaches tha carrying capacity the raultipllfer- 
approachea unity and the two models converge. Thus they imply similar 
dynamics in the neighborhood of carrying capacities. But when the population 
ia far from. the carrying capacity » the growth rate of the logistic model 
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is SMller than in th\^partiml adjuitment model (atri, by ImpUcation, 
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the model *of diffusion from a eoriitant source, NotiathaleaS| the linear 
and logistic modeli Imply similar dynamiGS In decline (see Lotka 
1925 r 68) , ^e relationships are iketelfisd In Figure 2. We see that 
both^ models Imply negative eKponential decllri^ to the carrying 
capacity of criterion. But tht dynamic^ of growth differ. The loglatie 
model has an shaped growth path with maximum rate of growth at k/2. ^ 
The growth path for the partial adjustment -model Is concave |£rom the 
origin) with maKimum rate' of growth at)the origin. Thus choice between 
the two models matters most In the study of systems far below their 
carrying capacities. For such systems, thp logistic gives dmallor growth 
rates than the linfcar see Figure 2 

There .is another useful approach to modeling processes that have 
S-shaped groj^th paths. Consider again the simple growth model of (34) 

- r k(t). . . ; 



We modified this model to obtain the logistic model by maklrtg r^ the Intrinsic 

rate of increase, depe*ndent on the state of the process. Undet* some 

circumseances it may be substantively more meaningful to make r 

timp^-de p end en t . That is, assume that the growth "constant*' evolves over 

the history of the process. One particular form of evolution of the 

growth "constant" gives anjrf^lcally tractable results. Suppose the 

growth rate declines exponentiaily with timej i.e^ 

^t ' 
Thenj with inifial condition r(0) * r^^ we have 

^(t) - e""^^ \ ^ ^ (39) 

and substituting this in the growth model (34) gives 
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^tg has flQlitfciaft, Mi fch X(^) - :\ • . : - 

; ^ XCt) - Xq exp ^|0C1> ^^^)^.> ^ ^ \ (41) 

Vthe so-called Gompertz growth law . This gives shaped growth to the ceilings 
Xq e <we aea this by letting t ^ e^^in (41), However j unlike the ^ 
Ibgi^tia models the proceas does not have a s^metrlc S-shape. 

Wi em write the process model (34) and (38) in a form that shows more 
elearly its relation with models discussed pr^iously. Let us see X(t) to 
denote the earrying capacity under the Gompertg lawj i.e*, the population 
siie at Which tha^ growth rate is zero. As noted^above, X(0) = Xq a^^^^. 
Then it follows' that the tompartz law is also the s^olut.ion, of- - 



# Of X(t) log [x(c>/xct^^ ; • (42) 
That is. It is the usual axpbnantlal growth model with a multiplier. 
When X(t) is smalls the multiplier is\large and positive. As the 
population approaches X, the nmltiplier approaches zero, FinaLlyj in , 
this formulation, decline well defined. If the population expeeds X,. 
the multiplier and thus the growth rate is negative. 

When X(f-) takes on only positive, values and the natural logarithm 
of X(t) is well defined, we* can show. the r^elationship of the Gompertz 
model to the linear partial adjustment model in still another way. Let 

Y(t) = log X(t)\ ^ Then (42) becomes 

^ , X(t) ^ Y(t) , , Y(t), V(t)T 

de ^ ^ - »e log [e ■ ^/e ^- ] - % 

dt 

e^t^W ^ ^e^^^^ [Y(t) - Y(t))] 
dt 

^' ' ■ . ' 

or - dY(t) ^ ot [Y(t).^ Y(t)] 

' dt ^ / ^ ^ ^-^^ 

■ * AM' 

So for positive variables'^ the Gompergz , growth law expresses lini^r 

; \ . ■ • ' . ^ <: H 

partial adjus,.t;ment in the (natural) logarithmic scale. 
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S6 f 4r we have eansidered-^thrte moimtlng scratt^as , ihe f trstv 
linear partial adjustment^ asaQmes that adjuatmanc to environmental con?^ 
ditions 'is indepandent of both the state of /the *aystem and of time (eKeepts 
of eouria, aa the 'eriv^^tunental conditions themselvei change over tlma). 

The firit generaltgation of this mbdal Introduces an ilamentary form^ 
ot stata-dapandenca in the adjust^ant parametar. When tha adjustment 
' parameter is mada to depend linearly on the state of the system 

* i 

obtain a logistic growth modal. The second ganeralization intrbducas 
t;ime dapendance, namely the growth constant Is assumad to decline 
exponentially with time. Presumably this rafleets unobserved causal 
procasses* In fitting the Gompertz la^ to age at first marriage in a 
cohort^ Hemes (1972) assumes that attractiveness as a mate declines 
exponentially with age, PitcKarj Hamblih and Miller (1978) in modeling 
the diffusion of violent events assume that the rate at which individuals 
become inhibited from engaging in violence declines eKpbnentiaily — 
as individuals learn o^f the cosfs incurred by those engaging in violence. 

Morp generally i the rata at which violant acts, are initiated by decline 
over time in some bounded system either because the tachnology of repression 
becomes more effective or because the state concedes the matter under dispute. 
On this interpretation, tima dependence summariEes the unobserved 

actions of . the state. And it is Chen preferable to shift towards modal- 
ing the rasponsa to violence explicitly. This strategy leads to a system 
conception of the process* One of the main drawbacks of the Gompcrtz rnodcL is 
the difficult-y in goncraliEing the model to handle syLtemG of inCaracting 
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xmitB 6t populationi. The logtitlc does not suffer such limitationi . , 
And now turn attention to the system case for the logistic model. 

simplest piossible extenalon of the logiitic-modelp 

' the ^io-oalled Latka-Voltawa aquations,* forre the basts of almost all o 

' . . " . *^ ^ 

theoretical work in population and epmmunity ecology. Thif model 

introduces interdependence in Exactly the same manner as we did abpve 
^or the' linear partial adjustment modelr the effect of the ai^es of 
other systems (populations In this casa) affects only the carrying 
capacity for a given system. Formally^ let X = (K^, . . jX^) ' ^ba the s^zes 
of. N Intiracting populations. For the ith population, assume that the 
•growth rate has the form- ' 

X.*<t) - X.(t) . . . ' . 

^ A ^ - / , (38) 



dXj^(t) . 
elt i 




and that tha carrying capacity is^iven by: 

Though this may appear a simple ganeralization j It is not* Tha aystam of 
equations is known to have a solutions but the aqlution has n^^^eep founds 
even for the case 2, Naverthalass wa can dari^e a number d¥ .'Isfteresting 

and important qualitative conclusions £rom.this model* Possible sociological 

. " ^ I • ■ ■ - i ^ 

^applications qf these qualitative results are explored in Hannan and Fraeman 
' s 

(1977a) and Hannan (1979). However, we cannot employ the general empirical 
analysis strategy outlined to this point. Since we cannot write a closed 
solution to even a small Lotk^^Volterra system, we cannot write direct 
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fSClmatlon equations. Insteaa wb show approxlnate the sysflta with more 
traceable equations. , We chooa. to begin with tjie linear partial adiuattaent ' 
model as an approximation ^nca it may be analyzed by available methods. 
Aa we noted above, the appro,xlma.tlon Is reasonably good" when systems are 
not very far below carrying capacity. 

Tile foregoing analysis suggests that there ii much merit in pursuing 
application^ of linear charge models, Wot only do linear models fit ^ % 
some general sociological perspectives , they also may approximate sye 
Interesting classes of nonlinear charge models. With this mativation, 
we henceforth restrict attention largely to Itn^r models, 

7 • Co n c 1 usi^n ^ * ^ V, 

We have suggested that the linear struetural equation systems so 
often analyzed By sociologists may profitably be viewed as steady state 
outcomes of continuous -time change models. Moreover^ temporal analysis 
of systems out of ^equilibrium to estimata parameters of:suth change models - . ' 
affords deeper sociological Insight into social structural processes than 
is given by conventional static structural equation analysis. For axamRie, , . 
it permits separation of the effects of environmental variations on out- , .. • - 
comes from the effects of Internal structural arrangements on^ the. speed 
of adJUrStmant. More generally it permits us to ralix or discard the, 
assumption that social systams operate c^ose to equilibria. ^ 

We concentrated pn linear differential equation m.^dels as" they gi i ' 
.rise to simple astimacion equations^ Wa showed that such models have ricn ^ 
sociological, grotmding . In particular we reviawad two inte-pre cations such 
models, negative feedback and partial adjustment, 

• ■ =^ ' ' 

*■ ' . . " " ■ 
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We then addreaied Che So^ealled system cafe, models for changea In 
levels of ieveral ^interdependent variables* The "solutions" of such ^aystems 
oannot be eKpregied i^ elofed form. However, as long as the matrix ©4^ co^ 
efficients of the e^^^genous part of the system- are distinct'^ we can form 
estimators of the parameters of the change model. The approach we outlined 
involves solving the characteristic equations and obtaintngv eigenvalues. and 
eigenvectors" o£ the endogenous portion of the system. We use this approach, 
repeatedly in subsequent chapters , " , 

, We argue that sociolpgista not confine their atteht ion to linear .V 
models for the' stiidy of change. And we treat th^^^ommon non^ linear 



generalizations of tlfe negative fe^back or parclAl adjustment models. . ' 

In particular, we showed that the typical S^shaped path of chta'ges in ^levels may 

' > . ' 

be , obtained by either the logistic model or the Gompertz mod^l. The ^ 

first generalizes the linear model by introducing state-dependence in ^ 

parameters. The Gompertz "model introduce s^ a sttple form of time ^dependence 

in the parameters. Thus these two simple generalizations suggest a range 

strategies for ^extending the simple models that occupy us in most of the 

remaining chapters. However j %ven these simpre complications gili^e very 

unwieldy integral equations that make estimation nfore difficult. In ' 




fact/. cJ^^^idfely analysed generalization of ^he logistic to the system case does 

not eVen^have a know^ solution. Thtis .it cannot be estimated directly^ 

More complex appromation strategies^" beyond the scope of this report, - : 

must b.e used' to obtain, empij'ical estimates of such systems , It is for ^ 

this reasonj'and not because ^e think tHap linear models are naturalj , ' 

that we focus so much attention on the linear case, • — i' ' 



' ■". - Footnotes , , / ' 

Htodeia with such lagi ari common^ in 'treatments of populatioh growth 
with delays due to matuMtion, Mora genemaLly one may Introduce lags 

,^in the impaat of •envi^dnirtotal effeeta. An Interesting treatment of ^a; 

^ elass of such models Is given by ^ 

2 - ^ ■ V ^ . ^ ■ * 

Coleman (1968) notes that one may use both P and P to estimate b. ^ 

Alternatively he suggests using consistency of esti^^e§%pf b from P 

■ ■ ■ ^ ■ ^ \ - ^"'^ ^ ■ " - ^. 

and 3^ to teat the m^del. Note, however r that one is testing the mo&el 

* • .'■ ■ ■ . 

and the fjlt of theja^roximation. that X changes linearlif with time, ■ 

^ We use the term linear mod6l ,to refer to models that are linear in.^ 

- K ^ ^ / ' ■ ■ ■ . . 

parmetera. We have already seen that linear models^ive rton-liilear 

growth paths , ^ t 

vPgy .a/iproofs see ^binow ii97Ss 288-9). ' 

vOf , cburi,e j such a decline in the rate may also reflect .a growing 
capaaity b)^^ state officials to prevent such attempts. More gehirally^ 
^what Tilly (1975) calls theiferepr^^sw^ power of the state will also 'esdiibit 
time dependence^ i ; ^ ' 
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